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Wei Zhu, Tong Peng, and John Z. H. Zhang
Department of Chemistry, New York University, New York, New York 10003

(Received 30 July 1996; accepted 25 October 1996

In this paper, we present theoretical and computational details of implementing the recently
developed reactant-product decoupliti@PD) method (J. Chem. Phys105 6072 (1996) for
state-to-state quantum reactive scattering calculations of the prototypitaHki reaction in three
dimensions. The main purpose of this paper is to explore important features of the RPD scheme for
use as a general and efficient computational approach to study state-to-state quantum dynamics for
polyatomic reactions by using 3D H H, as an example. Specific computational techniques and
numerical details are explicitly provided for efficient application of this method in the
time-dependenfTD) implementation. Using the RPD method, the calculated state-to-state reaction
probabilities for the 3D H+ H, reaction are in excellent agreement with those from the
time-independent variational calculations, and the computational cost of the RPD method is
significantly lower than other existing TD methods for state-to-state dynamics calculations.
© 1997 American Institute of Physids$0021-960807)01805-9

I. INTRODUCTION vised to minimize the computational cost in state-to-state
) ) } _reactive scattering calculation to essentially the sum of sepa-
It is well known to the reactive scattering community rate dgynamics calculations in each arrangement. The RPD
that perhaps the most difficult problem in quantum reactive;cheme is quite general and can be implemented in both
scattering theory is the choice of coordinates. If only tOta'time-dependent and time-independent applicatfonal-
reaction probabilitieqi.e., probabilities summed over final though the emphasis of our current research is in time-
states of the product arrangemenre needed, it is quite dependent implementation of the approach.
reasonablgand often very efficientto employ the Jacobi The basic strategy of the RPD scheme is to partition the
coordinates of the reactant arrangement to carry out the scaiy| TD wavefunction into a sum of reactant component

tering calculation, as has been demonstrated successfully by, y and all product components¥(,(p=1,2,3...)) that
recent time-dependeriTD) calculations for the reaction of gaisfy the followingdecoupledequation®

H, + OH!° and more recently, its reverse reaction H
+ H,0.° However, the use of a single set of Jacobi coordi-

. d .
nates(corresponding to either reactant or produict com- lﬁ5|‘1’r(t)>:H|‘1’r(t)>—|2 Vo ¥ (1))
plete state-to-state quantum dynamics calculation is very in- P ' (1)
efficient, if not computationally impossible. This is clearl .9 .
. Y i . 15 WD) =HIW (D) +1V,| ¥, (1)

evidenced by recent TD dynamics calculations of state-to-
state reaction probabilities for the,H- OH reactiod® and
its reverse reactioh.These state-to-state calculations em-whereH is the full Hamiltonian and-iV, is the negative
ployed the reactant Jacobi coordinates in wavepackeamaginary potentialabsorbing potentialemployed to com-
propagatiofi® and required substantially more computa- pletely absorb the wavefunctio®,(t) in a narrow strip
tional resourcegsmemory and cpu timethan calculations of separating the reactant from the product to prevent it from
total reaction probabilities? These state-to-state calcula- entering thepth product arrangement. E€}) is decoupledn
tions are now only possible on very large and fast workstathe sense that the solution fdf,(t) is independent of those
tions even for the Kl + OH reaction. for ¥ (t) and the latter are independent of each other. If we
In a preceding papef,we developed a general and ef- sum over the equations for all the component wavefunctions
ficient approach for state-to-state quantum reactive scatteririg Eq. (1), we recover the original Schdnger equation for
calculation for polyatomic reactions. In that paper, we pro-the full wavefunction. It is noted that solving fob,(t) is
posed a general reactant-product decoup{RED) scheme completely independent of that fdr ,(t), and ¥ (t) is the
to separate the dynamics calculation of the reactant compaorrect representation of the full scattering wavefunction in
nent of the wavefunction from those of product componentsthe reactant and strong interaction regions whefg is
The main attraction of the RPD approach is that the overalzerol® provided that the absorbing potential is sufficiently
computational effort is divided into that for each arrange-smooth as will be discussed later. The second equation in Eq.
ment channel, and the scattering calculation for each artl) is an inhomogeneous equation with a time-dependent
rangement component wavefunction can be carried out indisource termiV,¥ (t) that provides the driving force to-
vidually using the Jacobi coordinates of the correspondingvards the asymptotic region in theth product arrangement
arrangement channel. It is a divide and conquer strategy depace. Since the product component wavefunctiog(t)
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needs to be nonzero only in the corresponditly product
space starting from wher¢, becomes nonzero, its calcula-
tion involves only an inelastic propagation in that particular
arrangement, completely independent of component wave-
functions of other product arrangements. Thus the RPD
method naturally allows us to use different Jacobi coordi-
nates to calculate different arrangement component wave-
functions. Because the source teMg¥ (t) is confined to

the reactant-product transition region only which is defined
by the absorbing potentis, ,1% one does not need to calcu-
late the full overlap matrix between basis functions of reac-
tant and product arrangements for the source term.

This paper is organized as follows: Section Il presents
the methodologies for solving the RPD equations and gives FIG. 1. Jacobi coordinates for a triatomic system ABC.
specifics for applying the RPD method to the state-to-state
calculation for the prototype H- H, reaction in three di-

mensions. Section Il gives numerical details and compariv\,hereluR is the reduced mass between the center-of- mass of
sons of the state-to-state reaction probabilities from they ang BC J the total angular momentum operator of the
present RPD calculation with those from a previous time'system,j the rotational angular momentum operator of BC,
independent variational calculation. Section IV gives a sumzyq u, the reduced mass of BC. The diatomic reference
mary of the present work and a prospective on future app”HamiItonianh(r) is defined as

cations of the RPD method to polyatomic reactions.

2 072
————+
h(r) 2, ar? Vi(r), )
Il. THEORY whereV, is a diatomic reference potenti@lsually chosen as
A. Solution of W, in the reactant Jacobi coordinates an asymptotic diatomic potentjal The time-dependent

. ) ) wavefunctionW, satisfying the absorbing boundary condi-

The numerical methods for solvin,(t) in Eq.(1) has  tjon can be expanded in terms of the BBody-fixed
been well developed for TD calculations of total reactioniyansiational-vibrational-rotational basib.lg(R)qsv(r)Y-J,L\"E
probabilities for atom-diatom reactiorisand for diatom- (Ii Pl as '
diatom reaction’s? in which the absorbing potentialg, are ’
placed just beyond the transition state region to completely
absorb the wavefunction in order to prevent reflectfon.
Such TD calculation for¥’, in general can be efficiently .
carried out by using the Jacobi coordinates of the reactant X ¢v(r)YJ—JKME(R,F), (4)
arrangement, and the basic procedures of wavepacket prOpv%ﬁere n is the translational basis labkl, is the projection
gation are identical to those described in Ref. 2. The mair(mquantum number ofJ on the spaée fixeg Jz axis
difference in the present calculation féy, , however, is that va.i0.Kg) denotes the initial rovibrational state, amdis '
we do not discard the absorbed piece of wavefunctio hg'pj);,ritoof the svetem defined as(—l)j+LwithLbeing
V¥ ,(t) but instead store them in a proper representation ort1he orbitZ\I anaul y

. . gular momentum quantum number.
computer d|5|1<0for later calculation of the product compo- The functions, (r) are eigenfunctions of the diatomic
i . ;

gﬁg((j?)ag:rpé(t():b) Z%Lg:ﬁ; agr?ﬁassé V:ﬁ:g;’(ii%&;ﬂ?ﬂi%ﬁ?;ﬁamilto_nian of_Eq.(’;%). The d_efinit?on of the nondirect prod-
tionally efficient. We will discuss the CQ method for this uct basis functionsiy(R) is given in Ref. 2. For the sake of

application later in the paper. Since the source tatp¥, g:zgaﬁsﬁiom't the labels o] oKo andJMe in the following

has to be generated first, we will first describe the basic The split-operator pronagation scheme for wavepacket
formalisms used in the TD propagation of wavefunction SPICOpE propag P
propagation is given &s,

v, (t) for an atom-diatom reaction.
For an atom-diatom reaction A BC, there are two P (R,r,t+A)=e Hot2e UAa=THoARYy (Rt ) (5)

possible productgneglecting three body fragmejtsB + o ] ]

AC and C+ AB as shown in Fig. 1. For a fixed total angular Where the reference Hamiltoniar, li defined as,

PIMe (R,r,t):nEjK FIMe (HU:(R)

1,v0i0Ko nvjK,vgj Ko

momentumJ, the Hamiltonian of the system can be ex- B2 92
pressed in terms of the Jacobi coordinates of the reactant Hgo=— ﬂa_Rerh(r)' (6)
R

arrangement A+ BC,

22 (-2 2 and the effective potential operator U in E§) is defined as

H=— = 4 o5+ —— +V(r,R) +h(r), -2
2ug IR® " 2upgR® " 2u,r? _W7 J _
- U= gt 3z VRO =Vt V. )
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The matrix version of Eq(5) for the expansion coefficient where the homogeneous term is zero. In 8d), the wave-
vectorF is then given by function ¢,(E) is obtained by propagating the energy-

— a—iHQA/2L—iUA n—iHQA/2 dependent wavepacket(E) =V, (E) and performing the
Ft+d)=e , © © ) ® Fourier transform afterwards for each desired energy. The
and the operatoe™ 'V is further split as wavefunctiony, (E) is obtained by Fourier transforming the
e VA= o= Vi g iVAG=iVied 9) time-dependent wavefunctiog, (t) which is obtained by

wavepacket propagation described above. This approach is
whereV,y is diagonal in angular momentum basis represenattractive if dynamics at a limited number of energies are
tation andV is diagonal in coordinate representatfon. desired because in this case, we only need to store the source
The initial wavefunction is chosen as the product of aterm &p(E) =V, (E) for the number of energies needed.
specific rovibrational eigenfunction and a localized transla-  Essentially all the detailed formulas of basis functions

tional wavepacket, described previously for propagating, (t) can be used for
W.(0)= , IMe ¢ calculatingW ,(t) in Eqg. (12) or W (E) in Eq. (14), except
1(0)=0g(R) Pugiol 1) Yk (R, (10 that definitions of the basis functions are for thté product
where the wavepackep, (R) is chosen to be a standard arrangement instead of the reactant arrangement. For sim-
Gaussian function ° plicity we use primes to denote all quantities defined in the

product arrangement to distinguish them from those of reac-
1\ 2/ 27 m—ikoR tant arrangementunprimed ones Since the product wave-
—| exg —(R—Ry)“/256]e "o~ 11 ; i . X . .
7752> = o) ] (1) function W ,(t) is zero in the strong interaction region, the

The exact rovibrational functiog, ; (r) of BC is expanded propagation ON’P. only involves an |nelast|c. process and

in terms of the reference vibratio%gl functioss(r) to gen- therefore the basis set used to represkp(t) is consider-

n te th ficient vector of th functi §n 20 9 ably smaller than that ofV’,(t) described in the previous
erate the coetncient vector of the wavetunctio ' section. Consequently, the computational cost for calculating

W (t) is generally insignificant compared to that f (t).
B. Propagation Of lI}p |n the product arrangement After the WaVepaCket |S fu”y deve|0ped |n the Ine|aStIC
region of the specific product arrangement with proper ab-
In the RPD approach, one calculates #g component  gqhing houndary conditions, one can straightforwardly per-
wavefunctlonmdependentlyof other product. components. ¢5rm the final state analysis in the asymptotic regid! (
The most straightforward approach is to directly calculatqy gqg to obtain the energy-dependent S matrix elements or
the TD wavefunction,(t) in Eq. (1) by using a short time  eaction probabilities by Fourier transforming the TD wave-
propagator such as the split-operator method as described fUnction\pr(t) to W ,(E) at large asymptotic distance

ek, (R)=

Ref. 10
i A R o 1t [ ikmR’
[Wp(t+4)) = THA (1) + VoW (1+4)), (12 Yo(B) —— \/5 2 ; Spm,riT|77pm>’ (15
L m

whereW,(t) =W (t) + A/2h VW (t). SinceW(t) is every-  whereu,, is the reduced translational mass amgh, the in-
where the same a ,(t) except in the absorbing region, we ternal channel function in theth product arrangement. If
could directly use¥(t) to extract the final state dynamics any long range elastic potential is present such as the cen-
such as state-to-state S matrix elements or reaction probabilrifugal potential, one needs to replace the plane wavefunc-
ties. In this TD approach, we need to store the calculateggn eikmR’ by the outgoing Hankel or other appropriate ra-
source termé,(t) =V, ¥ (t) from the previous section on djal function. Alternatively, if only the square of tf&matrix
computer disk at every time step which requires one to repelement or reaction probability is required, one can avoid
resent theg,(t) in Jacobi coordinates of the product arrange-specifying the specific form of the radial function by evalu-

ment. We will discuss an efficient collocation quadratureating the flux to obtain converged reaction probabilities at a
method to handle this coordinate transformation efficiently inre|atively shorter radial distancé.

order to minimize the computational cost.
An alternative approach is to use the time-independent

version of Eq.(1)
q C. Transformation of Jacobi coordinates between

. arrangements
Ele(E)=H|¢(E)~ 1> V,lvr(E) J - ,
P 13 Since the reactant wavefunctioh, (t) is expressed in
E|1,//p(E)>= H|¢p(E)>+in|¢r(E)> tgrms of ba_13|s func_tlons _defln_ed in the reactant Jacobi coor-
) dinates whileW¥ ,(t) is defined in terms of the product basis

and solve the Tl product wavefunctiaf,(E) by function, we need to perform coordinate transformation be-
|p(E))=iG T (E)V,| 4 (E)) tween reactant and product arrangements. The transforma-
_ _ tion of Jacobi coordinates from the reactant arrangement A

_ Efwdte-n:-Ete—%Hthll//r(E»’ (149 + BC(R.r) to the product arrangement € AB (R'.r") is

fiJo given by (cf. Fig. 1)
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(ﬁ’)_(az a3)<§) s C+AB
o) el ) 1o

where a;=—mc/(Mc+mg), a,=—mu/(ma+mg), and

az=aja,— 1. By inverting the matrix relation, one can ob- - M\ .

tain the transformation formula from AB C to A + BC as

well.

In scalar form, the above transformation relation can be A+BC
explicitly written as

r'=\R%+(a;r)°+2a,Rr cosé, B+AC

R'= \/(azR)2+ (ar)?+2aza3Rr cos, 17 FIG. 2. The locations of various absorbing potentials.

1
r_ 2 2 -
C0S 6" =7 (3R"+ 81851+ (13,1 85)Rr C0s 0). rotation functions and; denotes R;,r;,6;). The matrix

Similarly, one can obtain the transformation relation from AWni Is obtained by a simple matrix inversion

+ BC to B+ AC, W= 1 (22)
r"=\R2+ (byr)?+2b;Rr cos 6, where the matrix elemend,,; is just the value oip, at the
. , quadrature pointd;). This collocation choice of the weight-
R"= \(b,R)?+ (bgr)?+2b,bsRr cos 6, (18)  ing matrix guarantees that the orthogonality of the overlap

1 integral is strictly preserved
cos 0”=W(b2R2+ b,bar2+ (byb,+bg)Rr cos6),
<¢n|¢m>zz Whi®im= 6pm, (22)
with  b;=mg/(mc+mg), by=my/(ma+me), and :
bs=bib,—1. and the summation in Eq20) will be exact if the function

¢ span theN-dimensional vector space @f,. If the basis

functions are not orthogonal, E@1) is easily generalized to

D. A general collocation-quadrature scheme W=0d"1, (23)

In order to carry out the TD propagation f(firp, W€  where O is the basis overlap matrio,m=(bn| ). Al-
need to re-express the source tefpit) =V, W, (t) in terms  thoygh the choice dil points can be rather arbitrary as long
of the product basis set. This involves the numerical calcuxg the inversab—! exists. it is best to use good quadrature
lation for the expansion coefficients points to minimize the numerical error. For direct product

Eon(D)={nl £x(1)), (190  basis functions, a natural choice is DMRiscrete variable

. ) representation points. For non-direct product basis func-
where ¢, areN basis functhns of t'he product arrangement.tions’ the choice of good points remains to be explored.
Because&(t) and ¢, are defined with respect to basis func-
tions of different arrangement, the numerical evaluation ofIII RESULTS
Eqg. (19 involves a coordinate transformation between reac-
tant and product arrangements as described in the previous In this section, we present the first numerical implemen-
subsection. This can be computationally expensive since thi@tion of the RPD method to the case study of 3DHH,
numerical integrations are inherently multidimensional, andeaction for zero total angular momentu@=0) on the
the transformation has to be done at each time step. Ther&STH potential energy surfacé Through this numerical ex-
fore efficient methods have to be used to minimize the comample, we hope to gain some experiences in choosing vari-
putational cost for this step. For this purpose, we devised @us numerical parameters in order to maximize the efficiency
collocation quadrature scheme to efficiently calculate the inof the RPD method for practical applications. Although this
tegral in Eq.(19). For clarity, we drop the subscript and is an atom-diatom application, the computational strategy

the variablet in the following discussion. discussed here is generally applicable to reactive scattering
The integral in Eq(19) can be evaluated by W term  involving more than three atoms.
summation The most sensitive parameters are perhaps those of ab-
sorbing potentials defined in terms of the radial coordinate of
En=2 Wnié(qp), (200  the product B+ AC.
_ [R=R1]? | ,
whereq; areN prefixed multidimensional points of the Ja- Vaps —la R-R| Ri<R<R; (24
2 1

cobi coordinates defined in the product arrangement and
W, is an undetermined weighting matrix. For an atom-as schematically illustrated in Fig. 2. TH and R;—R;
diatom systeme,, is the product of translation, vibration and determine the starting position and the width of the absorb-
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FIG. 4. Same as Fig. 2 except for the product component wavefunction

oo 1500 W y(1)].
e—o (=1200

000020 | maximums in the middle of the absorbing region and decays

= to zero toward both ends of the absorbing region.

§ The propagation of’ ,(t) in the product arrangement is

2 quite straightforward and relatively trivial in comparison to

5 00000 | that of W, (t) since it only involves an inelastic propagation.
For example, only four Kvibrational functions are used in
the basis expansion oF ,(t) compared to about 30 Hvi-
brational functions used in the expansion Wf(t). Thus

000000 only four collocation-quadrature points are used in the

(b) 33 40 B 50 53 coordinate in Eq(20). The number of rotational functions
are also reduced by a factor of 2 in the calculation of
FIG. 3. (a) The absolute square of the component wavefunctibp(t)|? W (t). Figure 4 shows one-dimensional plots of the wave-
plotted as a one-dimensional function of the radial coordinate of the producfynction \I’p(t) as a function of the radial coordinale in

arrangement at various propagation times. The other two internal degrees 9\f/hich vibrational and rotational degrees of freedom are in-
freedom have been integrated o(ft) The absolute square of the source

term |V, ¥, (t)|2 plotted as a one-dimensional function of the radial coordi- tegrated Ou_t- Itis Cl_ear from Fig. 4 thmp(t) is negligible in
nate of the product arrangement at various propagation times. the strong interaction region and picks up amplitude when

getting close taR’ =3.5a, where the absorbing potential is
turned on. This is exactly what we expectdt,(t) to be

ing potential, respectively. The absorbing potentials used t§€cause (1) is a good representation of the full wavefunc-
block the product arrangements have been tested extensivdipn @lready except near and in the absorbing region.

for H + H,. We found that excellent results can be obtained
for R;=3.25, andR;— R{=1.75,. The value ofx is gen-
erally in the range 0f0.05, 0.15 a.u. andg between 1.0 and
3.0. Figure 8a) shows one-dimensional plots of the wave- ® TID S-Matrix Kohn Variational
function ¥, (t) at various propagation times as a function of
the radial coordinatd&R’ of the product arrangement where
the absorbing potentiaf,, is defined in the range of 33 to
5.585. No observable reflections are present in the plots of
Fig. 3@ and the wavefunctions are fully absorbed at
R’=5.5a,. It turns out that state-to-state reaction probabili-
ties are more sensitive to parameters of the absorbing poten-
tial than total reaction probabilities. This is expected because 0T
state-to-state dynamics is more sensitive to details of the po-
tential energy surface. Therefore more care needs to be ex-
ercised in choosing the absorbing parameters in order to ob- 000 " ——e—= e 5
tain accurate state-to-state S matrix elements or reaction E (V)

probabilities. Similar plots are shown in Fig(k$ for the FIG. 5. Comparison of final vibration specific reaction probabilities ob-

source term §,(t)=V, V¥ (t). Here we see that 'the tained from the present TD RPD calculation and from the time-independent
R’-dependence of(t) behaves exactly as expected: it hasvariational calculation of Ref. 16.

0.80

0.60 |

v=0

g

POO———>v(i summed)
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FIG. 6. Comparison of final rovibration specific reaction probabilities ob- FIG. 7. Same as Fig. 6 except for the product Ht excited
tained from the present TD RPD calculation and from the time-independentv = 1)vibrational state.

variational calculation. Curves are different rotational states of the product

H, at ground vibrational state/(= 0). Black dots denote the results from the

time-independent variational calculation of Ref. 16.

+ H, reaction. Our calculation shows that the state-to-state

For convenience of easy plotting, the reaction probabili-reaction probabilities are generally more sensitive to param-
ties from the present calculation are compared to those froraters of the absorbing potentials than total reaction probabili-
a previous time-independent S matrix Kohn variationalties. Thus we need to exercise more care in choosing the
calculation!® The results of Ref. 16 are in mutual good absorbing parameters. The major computational cost of the
agreement with other time-independent calculations includRPD method is in the calculation o (t) and the coordi-
ing those of Refs. 17 and 18. All results presented here argate transformation performed on the source term
for reaction from the ground initial state. Figure 5 shows aép(t) =V, ¥, (t) while the inelastic calculation o¥', is rela-
plot of H + H, reaction probabilities to final vibrational tively insignificant. We introduced an efficient collocation-
states'summed over final rotational staje$hese results are quadrature scheme to minimize the computational cost asso-
in excellent agreement with the time-independent calculatiogiated with transforming the source term between the
at all energies shown in the figure. The complete state-toreactant and product arrangement. The calculated state-to-
state reaction probabilities are also compared to the timestate reaction probabilities for H H, using the present
independent calculation in Figs. 6 and 7. Figure 6 shows th&PD method are in excellent agreement with those from the
energy-dependence of rotational state-selected reaction prot#ne-independent variational calculation. Similarly good re-
abilities with the product at ground vibration & 0). These  sults have also been obtained for thetDH, reaction'® The
state-to-state probabilities are also in excellent agreemefPD scheme is a general and efficient computational ap-
with the time-independent calculation. Similar results areproach to study state-to-state reaction dynamics for poly-
shown in Fig. 7 for the diatomic product at the excited vi- atomic systems. The collocation-quadrat(@®) scheme is
brational statef = 1). a general and efficient numerical approach for fast and accu-
rate evaluation of integrals involving any basis set expan-
IV. DISCUSSIONS AND PROSPECTIVES sion. Its potential application to integrals involving multidi-

In this paper we presented a numerical application of thenensional, non-direct product basis functions is very
recently developed RPD method to the three-dimensional hbromising. For future application of the TD RPD method, we
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