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In this paper, we present theoretical and computational details of implementing the recently
developed reactant-product decoupling~RPD! method ~J. Chem. Phys.105, 6072 ~1996!! for
state-to-state quantum reactive scattering calculations of the prototypical H1 H2 reaction in three
dimensions. The main purpose of this paper is to explore important features of the RPD scheme for
use as a general and efficient computational approach to study state-to-state quantum dynamics for
polyatomic reactions by using 3D H1 H2 as an example. Specific computational techniques and
numerical details are explicitly provided for efficient application of this method in the
time-dependent~TD! implementation. Using the RPD method, the calculated state-to-state reaction
probabilities for the 3D H1 H2 reaction are in excellent agreement with those from the
time-independent variational calculations, and the computational cost of the RPD method is
significantly lower than other existing TD methods for state-to-state dynamics calculations.
© 1997 American Institute of Physics.@S0021-9606~97!01805-9#
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I. INTRODUCTION

It is well known to the reactive scattering communi
that perhaps the most difficult problem in quantum react
scattering theory is the choice of coordinates. If only to
reaction probabilities~i.e., probabilities summed over fina
states of the product arrangement! are needed, it is quite
reasonable~and often very efficient! to employ the Jacob
coordinates of the reactant arrangement to carry out the s
tering calculation, as has been demonstrated successful
recent time-dependent~TD! calculations for the reaction o
H2 1 OH,1–5 and more recently, its reverse reaction
1 H2O.

6 However, the use of a single set of Jacobi coor
nates~corresponding to either reactant or product! in com-
plete state-to-state quantum dynamics calculation is very
efficient, if not computationally impossible. This is clear
evidenced by recent TD dynamics calculations of state
state reaction probabilities for the H2 1 OH reaction7,8 and
its reverse reaction.9 These state-to-state calculations e
ployed the reactant Jacobi coordinates in wavepac
propagation7–9 and required substantially more comput
tional resources~memory and cpu time! than calculations of
total reaction probabilities.1,2 These state-to-state calcul
tions are now only possible on very large and fast works
tions even for the H2 1 OH reaction.

In a preceding paper,10 we developed a general and e
ficient approach for state-to-state quantum reactive scatte
calculation for polyatomic reactions. In that paper, we p
posed a general reactant-product decoupling~RPD! scheme
to separate the dynamics calculation of the reactant com
nent of the wavefunction from those of product componen
The main attraction of the RPD approach is that the ove
computational effort is divided into that for each arrang
ment channel, and the scattering calculation for each
rangement component wavefunction can be carried out i
vidually using the Jacobi coordinates of the correspond
arrangement channel. It is a divide and conquer strategy
1742 J. Chem. Phys. 106 (5), 1 February 1997 0021-9606/9
e
l

at-
by

-

n-

-

-
et

-

ng
-

o-
s.
ll
-
r-
i-
g
e-

vised to minimize the computational cost in state-to-st
reactive scattering calculation to essentially the sum of se
rate dynamics calculations in each arrangement. The R
scheme is quite general and can be implemented in b
time-dependent and time-independent applications10 al-
though the emphasis of our current research is in tim
dependent implementation of the approach.

The basic strategy of the RPD scheme is to partition
full TD wavefunction into a sum of reactant compone
(C r) and all product components (Cp(p51,2,3, . . .!! that
satisfy the followingdecoupledequations10

i\
]

]t
uC r~ t !&5HuC r~ t !&2 i(

p
VpuC r~ t !&

i\
]

]t
uCp~ t !&5HuCp~ t !&1 iVpuC r~ t !&

, ~1!

whereH is the full Hamiltonian and2 iVp is the negative
imaginary potential~absorbing potential! employed to com-
pletely absorb the wavefunctionC r(t) in a narrow strip
separating the reactant from the product to prevent it fr
entering thepth product arrangement. Eq.~1! is decoupledin
the sense that the solution forC r(t) is independent of those
for Cp(t) and the latter are independent of each other. If
sum over the equations for all the component wavefuncti
in Eq. ~1!, we recover the original Schro¨dinger equation for
the full wavefunction. It is noted that solving forC r(t) is
completely independent of that forCp(t), andC r(t) is the
correct representation of the full scattering wavefunction
the reactant and strong interaction regions whereVp is
zero,10 provided that the absorbing potential is sufficien
smooth as will be discussed later. The second equation in
~1! is an inhomogeneous equation with a time-depend
source termiVpC r(t) that provides the driving force to
wards the asymptotic region in thepth product arrangemen
space. Since the product component wavefunctionCp(t)
7/106(5)/1742/7/$10.00 © 1997 American Institute of Physics
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1743Zhu, Peng, and Zhang: 3D H 1 H2
needs to be nonzero only in the correspondingpth product
space starting from whereVp becomes nonzero, its calcula
tion involves only an inelastic propagation in that particu
arrangement, completely independent of component wa
functions of other product arrangements. Thus the R
method naturally allows us to use different Jacobi coor
nates to calculate different arrangement component wa
functions. Because the source termVpCp(t) is confined to
the reactant-product transition region only which is defin
by the absorbing potentialVp ,

10 one does not need to calcu
late the full overlap matrix between basis functions of re
tant and product arrangements for the source term.

This paper is organized as follows: Section II prese
the methodologies for solving the RPD equations and gi
specifics for applying the RPD method to the state-to-s
calculation for the prototype H1 H2 reaction in three di-
mensions. Section III gives numerical details and comp
sons of the state-to-state reaction probabilities from
present RPD calculation with those from a previous tim
independent variational calculation. Section IV gives a su
mary of the present work and a prospective on future ap
cations of the RPD method to polyatomic reactions.

II. THEORY

A. Solution of C r in the reactant Jacobi coordinates

The numerical methods for solvingC r(t) in Eq. ~1! has
been well developed for TD calculations of total reacti
probabilities for atom-diatom reactions11 and for diatom-
diatom reactions1,2 in which the absorbing potentialsVp are
placed just beyond the transition state region to comple
absorb the wavefunction in order to prevent reflection12

Such TD calculation forC r in general can be efficiently
carried out by using the Jacobi coordinates of the reac
arrangement, and the basic procedures of wavepacket pr
gation are identical to those described in Ref. 2. The m
difference in the present calculation forC r , however, is that
we do not discard the absorbed piece of wavefunct
VpCp(t) but instead store them in a proper representation
computer disk for later calculation of the product comp
nent~s! Cp(t).

10 For that purpose, we devised a collocati
quadrature~CQ! scheme to make this procedure compu
tionally efficient. We will discuss the CQ method for th
application later in the paper. Since the source termVpC r

has to be generated first, we will first describe the ba
formalisms used in the TD propagation of wavefuncti
C r(t) for an atom-diatom reaction.

For an atom-diatom reaction A1 BC, there are two
possible products~neglecting three body fragments!: B 1
AC and C1 AB as shown in Fig. 1. For a fixed total angul
momentumJ, the Hamiltonian of the system can be e
pressed in terms of the Jacobi coordinates of the reac
arrangement A1 BC,

H52
\2

2mR

]2

]R2 1
~J2 j !2

2mRR
2 1

j2

2m r r
2 1V~r ,R!1h~r !,

~2!
J. Chem. Phys., Vol. 106,
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wheremR is the reduced mass between the center-of- mas
A and BC, J the total angular momentum operator of th
system,j the rotational angular momentum operator of B
and m r the reduced mass of BC. The diatomic referen
Hamiltonianh(r ) is defined as

h~r !52
\2

2m r

]2

]r 2
1Vr~r !, ~3!

whereVr is a diatomic reference potential~usually chosen as
an asymptotic diatomic potential!. The time-dependen
wavefunctionC r satisfying the absorbing boundary cond
tion can be expanded in terms of the BF~body-fixed!
translational-vibrational-rotational basis$un

v(R)fv(r )YjK
JMe

(R̂, r̂ )% as

C r ,v0 j 0K0
JMe ~R,r ,t !5 (

n,v, j ,K
Fnv jK ,v0 j 0K0
JMe ~ t !un

v~R!

3fv~r !YjK
JMe~R̂, r̂ !, ~4!

where n is the translational basis label,M is the projection
quantum number of J on the space fixed z axis
(v0 , j 0 ,K0) denotes the initial rovibrational state, ande is
the parity of the system defined ase5(21) j1L with L being
the orbital angular momentum quantum number.

The functionsfv(r ) are eigenfunctions of the diatomi
Hamiltonian of Eq.~3!. The definition of the nondirect prod
uct basis functionsun

v(R) is given in Ref. 2. For the sake o
clarity, we omit the labelsv0 j 0K0 andJMe in the following
discussion.

The split-operator propagation scheme for wavepac
propagation is given as,13

C r~R,r ,t1D!5e2 iH0D/2e2 iUDe2 iH0D/2C r~R,r ,t !, ~5!

where the reference Hamiltonian H0 is defined as,

H052
\2

2mR

]2

]R2 1h~r !, ~6!

and the effective potential operator U in Eq.~5! is defined as

U5
~J2 j !2

2mRR
2 1

j2

2m r r
2 1V~R,r ,u!5Vrot1V. ~7!

FIG. 1. Jacobi coordinates for a triatomic system ABC.
No. 5, 1 February 1997
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1744 Zhu, Peng, and Zhang: 3D H 1 H2
The matrix version of Eq.~5! for the expansion coefficien
vectorF is then given by

F~ t1D!5e2 iH0D/2e2 iUDe2 iH0D/2F~ t ! ~8!

and the operatore2 iUD is further split as

e2 iUD5e2 iVrotDe2 iVDe2 iVrotD, ~9!

whereVrot is diagonal in angular momentum basis repres
tation andV is diagonal in coordinate representation.2

The initial wavefunction is chosen as the product o
specific rovibrational eigenfunction and a localized trans
tional wavepacket,

C i~0!5wk0
~R!fv0 j 0

~r !Yj 0K0
JMe ~R̂, r̂ !, ~10!

where the wavepacketwk0
(R) is chosen to be a standar

Gaussian function

wk0
~R!5S 1

pd2D
1/4

exp@2~R2R0!
2/2d2#e2 ik0R. ~11!

The exact rovibrational functionfv0 j 0
(r ) of BC is expanded

in terms of the reference vibrational functionsfv(r ) to gen-
erate the coefficient vector of the wavefunction att 5 0.

B. Propagation of Cp in the product arrangement

In the RPD approach, one calculates theCp component
wavefunction independentlyof other product components
The most straightforward approach is to directly calcul
the TD wavefunctionCp(t) in Eq. ~1! by using a short time
propagator such as the split-operator method as describe
Ref. 10

uC̃p~ t1D!&5e2
i
\ HDuC̃p~ t !&1

D

\
VpuC r~ t1D!&, ~12!

whereC̃p(t)5Cp(t)1 D/2\ VpC r(t). SinceC̃p(t) is every-
where the same asCp(t) except in the absorbing region, w
could directly useC̃p(t) to extract the final state dynamic
such as state-to-state S matrix elements or reaction proba
ties. In this TD approach, we need to store the calcula
source termjp(t)5VpC r(t) from the previous section on
computer disk at every time step which requires one to r
resent thejp(t) in Jacobi coordinates of the product arrang
ment. We will discuss an efficient collocation quadratu
method to handle this coordinate transformation efficiently
order to minimize the computational cost.

An alternative approach is to use the time-independ
version of Eq.~1!

Euc r~E!&5Huc r~E!&2 i(
p
Vpuc r~E!&

~13!
Eucp~E!&5Hucp~E!&1 iVpuc r~E!&

and solve the TI product wavefunctioncp(E) by

ucp~E!&5 iG1~E!Vpuc r~E!&

5
1

\E0
`

dte
i
\ Ete2

i
\ HtVpuc r~E!&, ~14!
J. Chem. Phys., Vol. 106,
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where the homogeneous term is zero. In Eq.~14!, the wave-
function cp(E) is obtained by propagating the energ
dependent wavepacketjp(E)5Vpc r(E) and performing the
Fourier transform afterwards for each desired energy. T
wavefunctionc r(E) is obtained by Fourier transforming th
time-dependent wavefunctionc r(t) which is obtained by
wavepacket propagation described above. This approac
attractive if dynamics at a limited number of energies a
desired because in this case, we only need to store the so
term jp(E)5Vpc r(E) for the number of energies needed.

Essentially all the detailed formulas of basis functio
described previously for propagatingC r(t) can be used for
calculatingCp(t) in Eq. ~12! or Cp(E) in Eq. ~14!, except
that definitions of the basis functions are for thepth product
arrangement instead of the reactant arrangement. For
plicity we use primes to denote all quantities defined in
product arrangement to distinguish them from those of re
tant arrangement~unprimed ones!. Since the product wave
function Cp(t) is zero in the strong interaction region, th
propagation ofCp only involves an inelastic process an
therefore the basis set used to representCp(t) is consider-
ably smaller than that ofC r(t) described in the previous
section. Consequently, the computational cost for calcula
Cp(t) is generally insignificant compared to that forC r(t).

After the wavepacket is fully developed in the inelas
region of the specific product arrangement with proper
sorbing boundary conditions, one can straightforwardly p
form the final state analysis in the asymptotic region (R8
large! to obtain the energy-dependent S matrix elements
reaction probabilities by Fourier transforming the TD wav
functionCp(t) to Cp(E) at large asymptotic distance

cp~E! ——→
R8→` A mp

2p\2F(
m

Spm,ri
eikmR8

Akm
uhpm&G , ~15!

wheremp is the reduced translational mass andhpm the in-
ternal channel function in thepth product arrangement. I
any long range elastic potential is present such as the
trifugal potential, one needs to replace the plane wavefu
tion eikmR8 by the outgoing Hankel or other appropriate r
dial function. Alternatively, if only the square of theSmatrix
element or reaction probability is required, one can av
specifying the specific form of the radial function by eval
ating the flux to obtain converged reaction probabilities a
relatively shorter radial distance.14

C. Transformation of Jacobi coordinates between
arrangements

Since the reactant wavefunctionC r(t) is expressed in
terms of basis functions defined in the reactant Jacobi c
dinates whileCp(t) is defined in terms of the product bas
function, we need to perform coordinate transformation
tween reactant and product arrangements. The transfo
tion of Jacobi coordinates from the reactant arrangemen
1 BC (RW ,rW) to the product arrangement C1 AB (RW 8,rW8) is
given by ~cf. Fig. 1!
No. 5, 1 February 1997
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1745Zhu, Peng, and Zhang: 3D H 1 H2
S RW 8

rW8
D 5S a2 a3

1 a1
D S RW

rW
D , ~16!

where a152mC /(mC1mB), a252mA /(mA1mB), and
a35a1a221. By inverting the matrix relation, one can ob
tain the transformation formula from AB1 C to A 1 BC as
well.

In scalar form, the above transformation relation can
explicitly written as

r 85AR21~a1r !212a1Rr cosu,

R85A~a2R!21~a3r !212a2a3Rr cosu, ~17!

cosu85
1

R8r 8
~a2R

21a1a3r
21~a1a21a3!Rr cosu!.

Similarly, one can obtain the transformation relation from
1 BC to B 1 AC,

r 95AR21~b1r !212b1Rr cosu,

R95A~b2R!21~b3r !212b2b3Rr cosu, ~18!

cosu95
1

R9r 9
~b2R

21b1b3r
21~b1b21b3!Rr cosu!,

with b15mB /(mC1mB), b25mA /(mA1mC), and
b35b1b221.

D. A general collocation-quadrature scheme

In order to carry out the TD propagation forCp , we
need to re-express the source termjp(t)5VpC r(t) in terms
of the product basis set. This involves the numerical cal
lation for the expansion coefficients

jpn~ t !5^fnujp~ t !&, ~19!

wherefn areN basis functions of the product arrangeme
Becausejp(t) andfn are defined with respect to basis fun
tions of different arrangement, the numerical evaluation
Eq. ~19! involves a coordinate transformation between re
tant and product arrangements as described in the prev
subsection. This can be computationally expensive since
numerical integrations are inherently multidimensional, a
the transformation has to be done at each time step. Th
fore efficient methods have to be used to minimize the co
putational cost for this step. For this purpose, we devise
collocation quadrature scheme to efficiently calculate the
tegral in Eq.~19!. For clarity, we drop the subscriptp and
the variablet in the following discussion.

The integral in Eq.~19! can be evaluated by aN term
summation

jn5(
i
Wnij~ q̄i !, ~20!

where q̄i areN prefixed multidimensional points of the Ja
cobi coordinates defined in the product arrangement
Wni is an undetermined weighting matrix. For an ato
diatom system,fn is the product of translation, vibration an
J. Chem. Phys., Vol. 106,
e

-

.
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-
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rotation functions andq̄i denotes (Ri ,r i ,u i). The matrix
Wni is obtained by a simple matrix inversion

W5F21, ~21!

where the matrix elementFni is just the value offn at the
quadrature point (q̄i). This collocation choice of the weight
ing matrix guarantees that the orthogonality of the over
integral is strictly preserved

^fnufm&5(
i
WniFim5dnm , ~22!

and the summation in Eq.~20! will be exact if the function
j span theN-dimensional vector space offn . If the basis
functions are not orthogonal, Eq.~21! is easily generalized to

W5OF21, ~23!

whereO is the basis overlap matrixOnm5^fnufm&. Al-
though the choice ofN points can be rather arbitrary as lon
as the inverseF21 exists, it is best to use good quadratu
points to minimize the numerical error. For direct produ
basis functions, a natural choice is DVR~discrete variable
representation! points. For non-direct product basis fun
tions, the choice of good points remains to be explored.

III. RESULTS

In this section, we present the first numerical impleme
tation of the RPD method to the case study of 3D H1 H2

reaction for zero total angular momentum~J50! on the
LSTH potential energy surface.15 Through this numerical ex-
ample, we hope to gain some experiences in choosing v
ous numerical parameters in order to maximize the efficie
of the RPD method for practical applications. Although th
is an atom-diatom application, the computational strate
discussed here is generally applicable to reactive scatte
involving more than three atoms.

The most sensitive parameters are perhaps those o
sorbing potentials defined in terms of the radial coordinate
the product B1 AC.

Vabs52 iaFR82R18

R282R18
Gb

, R18,R,R28 ~24!

as schematically illustrated in Fig. 2. TheR18 andR282R18
determine the starting position and the width of the abso

FIG. 2. The locations of various absorbing potentials.
No. 5, 1 February 1997
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1746 Zhu, Peng, and Zhang: 3D H 1 H2
ing potential, respectively. The absorbing potentials used
block the product arrangements have been tested extens
for H 1 H2. We found that excellent results can be obtain
for R18>3.25a0 andR282R18>1.75a0. The value ofa is gen-
erally in the range of@0.05, 0.15# a.u. andb between 1.0 and
3.0. Figure 3~a! shows one-dimensional plots of the wav
functionC r(t) at various propagation times as a function
the radial coordinateR8 of the product arrangement whe
the absorbing potentialVp is defined in the range of 3.5a0 to
5.5a0. No observable reflections are present in the plots
Fig. 3~a! and the wavefunctions are fully absorbed
R855.5a0. It turns out that state-to-state reaction probab
ties are more sensitive to parameters of the absorbing po
tial than total reaction probabilities. This is expected beca
state-to-state dynamics is more sensitive to details of the
tential energy surface. Therefore more care needs to be
ercised in choosing the absorbing parameters in order to
tain accurate state-to-state S matrix elements or reac
probabilities. Similar plots are shown in Fig. 3~b! for the
source term jp(t)5VpC r(t). Here we see that the
R8-dependence ofjp(t) behaves exactly as expected: it h

FIG. 3. ~a! The absolute square of the component wavefunctionuC r(t)u2

plotted as a one-dimensional function of the radial coordinate of the pro
arrangement at various propagation times. The other two internal degre
freedom have been integrated out.~b! The absolute square of the sourc
term uVpC r(t)u2 plotted as a one-dimensional function of the radial coor
nate of the product arrangement at various propagation times.
J. Chem. Phys., Vol. 106,
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maximums in the middle of the absorbing region and dec
to zero toward both ends of the absorbing region.

The propagation ofCp(t) in the product arrangement i
quite straightforward and relatively trivial in comparison
that ofC r(t) since it only involves an inelastic propagatio
For example, only four H2 vibrational functions are used in
the basis expansion ofCp(t) compared to about 30 H2 vi-
brational functions used in the expansion ofC r(t). Thus
only four collocation-quadrature points are used in ther 8
coordinate in Eq.~20!. The number of rotational function
are also reduced by a factor of 2 in the calculation
Cp(t). Figure 4 shows one-dimensional plots of the wav
functionCp(t) as a function of the radial coordinateR8 in
which vibrational and rotational degrees of freedom are
tegrated out. It is clear from Fig. 4 thatCp(t) is negligible in
the strong interaction region and picks up amplitude wh
getting close toR853.5a0 where the absorbing potential i
turned on. This is exactly what we expectedCp(t) to be
becauseC r(t) is a good representation of the full wavefun
tion already except near and in the absorbing region.

ct
of

FIG. 4. Same as Fig. 2 except for the product component wavefunc
uCp(t)u2.

FIG. 5. Comparison of final vibration specific reaction probabilities o
tained from the present TD RPD calculation and from the time-independ
variational calculation of Ref. 16.
No. 5, 1 February 1997
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1747Zhu, Peng, and Zhang: 3D H 1 H2
For convenience of easy plotting, the reaction probab
ties from the present calculation are compared to those f
a previous time-independent S matrix Kohn variation
calculation.16 The results of Ref. 16 are in mutual goo
agreement with other time-independent calculations incl
ing those of Refs. 17 and 18. All results presented here
for reaction from the ground initial state. Figure 5 shows
plot of H 1 H2 reaction probabilities to final vibrationa
states~summed over final rotational states!. These results are
in excellent agreement with the time-independent calcula
at all energies shown in the figure. The complete state
state reaction probabilities are also compared to the ti
independent calculation in Figs. 6 and 7. Figure 6 shows
energy-dependence of rotational state-selected reaction p
abilities with the product at ground vibration (v 5 0). These
state-to-state probabilities are also in excellent agreem
with the time-independent calculation. Similar results a
shown in Fig. 7 for the diatomic product at the excited
brational state (v 5 1).

IV. DISCUSSIONS AND PROSPECTIVES

In this paper we presented a numerical application of
recently developed RPD method to the three-dimensiona

FIG. 6. Comparison of final rovibration specific reaction probabilities o
tained from the present TD RPD calculation and from the time-indepen
variational calculation. Curves are different rotational states of the pro
H2 at ground vibrational state (v 5 0). Black dots denote the results from th
time-independent variational calculation of Ref. 16.
J. Chem. Phys., Vol. 106,
i-
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re
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H

1 H2 reaction. Our calculation shows that the state-to-st
reaction probabilities are generally more sensitive to para
eters of the absorbing potentials than total reaction proba
ties. Thus we need to exercise more care in choosing
absorbing parameters. The major computational cost of
RPD method is in the calculation ofC r(t) and the coordi-
nate transformation performed on the source te
jp(t)5VpC r(t) while the inelastic calculation ofCp is rela-
tively insignificant. We introduced an efficient collocation
quadrature scheme to minimize the computational cost a
ciated with transforming the source term between
reactant and product arrangement. The calculated stat
state reaction probabilities for H1 H2 using the presen
RPD method are in excellent agreement with those from
time-independent variational calculation. Similarly good r
sults have also been obtained for the D1 H2 reaction.

19 The
RPD scheme is a general and efficient computational
proach to study state-to-state reaction dynamics for po
atomic systems. The collocation-quadrature~CQ! scheme is
a general and efficient numerical approach for fast and ac
rate evaluation of integrals involving any basis set exp
sion. Its potential application to integrals involving multid
mensional, non-direct product basis functions is ve
promising. For future application of the TD RPD method, w

-
nt
ct

FIG. 7. Same as Fig. 6 except for the product H2 at excited
(v5 1)vibrationalstate.
No. 5, 1 February 1997
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1748 Zhu, Peng, and Zhang: 3D H 1 H2
need to develop more efficient basis function optimizat
techniques in order to drastically reduce the number of b
functions in the wavefunction expansion. Recently, ext
sions of the RPD method to more general applications h
also been presented.20
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