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The time-dependent (TD) wave packet approach which we have been pursuing recently is extended to the

calculation of state-to-stat® matrix elements for reactive scattering in three dimensions for the 6,
reaction. Three specific methods for extracting state-to-Sateatrix elements and reaction probabilities

from the time-dependent wave packet propagation are specifically discussed in this paper. These methods

are based, respectively, on the time correlation function expressi@mfatrix elements, scattering amplitude
expression foiS matrix elements, and flux formula for reaction probabilities. The implementation of these
methods to TD reactive scattering is discussed and application to the resorta@k Irfeaction is carried out

to obtain state-to-state reaction probabilities for thousands of scattering energies.

I. Introduction state resolution. More computational effort is required to extract
final state information because one has to propagate the wave

Much progress has been made in theoretical and experimentapacket all the way into the asymptotic product arrangement
studies of elementary chemical reactions for the past decade orspace. In this paper, we further extend the previous TD
so. Experimentally, complete state-to-state integral cross sec-approach to the calculation of complete state-to-state reactive
tions have been measured for some simple reactions, and thescatteringS matrix elements and reaction probabilities for the
measurement of state-to-state differential cross section nowresonance dominatedH O, reaction. We note in passing here
appears on the horizon. These state-to-state experiments ara previous TD state-to-state by Judson et al. for the prototypical
aimed to provide the most detailed dynamical information for H + H, reactiont®
chemical reactions. Even more impressive, perhaps, is the There are different formulations that one can use to extract
development of computational methods to accurately calculate state-to-state dynamics information in the TD approach. In this
the dynamics of elementary chemical reactions. Rigorous paper, we discuss several specific formalisms for calculating
quantum dynamical calculations for many atediatom reac-  state-to-stat& matrix elements and reaction probabilities in the
tions and recently for some four-atom reactions have beentime domain. These are the time correlation function formalism
reported by many researchers. These accurate quantum dyfor the S matrix, the scattering amplitude formalism for tBe
namical calculations serve to help interpret mechanisms of matrix, and the flux formalism for reaction probability. Each
reactions through detailed comparison with experimental results method has certain unique advantages over others in specific
and to predict dynamical features when experimental results areapplications. One persistent difficulty in state-to-state quantum
unavailable. These rigorous quantum calculations also providereactive scattering calculations is the problem associated with
benchmark results against which various approximate dynamicalthe choice of coordinates in the TD wave packet propagation.
methods can be tested. However, accurate theoretical calculaTo simplify applications, we specifically discuss the use of the
tion of completestateto-statereaction dynamics is currently  reactant or product Jacobi coordinates to carry out TD wave
still limited to some simple atomdiatom reactions. Although  packet propagation in state-to-state calculations. Although the
rapid progress has recently been made in the accurae quantuntong-term goal of our TD project is to study reactions involving
calculation of initial state selected reaction probabil#ti€sand four or more atoms at the state-to-state level, we apply current
cumulative reaction probabilitiés!! for four-atom reactions,  approaches to the difficult H O, reaction to extract state-to-
there is still no state-to-state calculation of reaction dynamics state reaction probabilities at thousands of energies in order to
for systems beyond atondiatom systems. Currently, the only map out the resonance structure in a wide range of scattering
available state-to-state quantum dynamics calculations for four- energies. We also discuss several computational techniques
atom reactions are those based on reduced dimensionalityaimed at improving numerical efficiencies in state-to-state TD
methods!?13 calculations.

Recently, the time-dependent (TD) wave packet approach is  This paper is organized as follows. Section Il presents the
emerging as a promising gneeral approach to studying largegeneral theory of the TD wave packet approach to state-to-state
and complex reactive scattering problems. It is especially reactive scattering calculation and gives simple derivations of
efficient for calculating initial state-selected dynamics informa- several formalisms to extract state-to-st&tenatrix elements
tion as shown in recent TD studies for H O,1430 H, + and reaction probabilities. Several computational techniques
OH 39 HD + OHA® D, + OHf and HO+ CO//® These are also discussed in this section with the aim of enhancing the
TD calculations provided initial state-selected total reaction efficiency of the TD approach in practical applications. In
probabilities, cross sections, and rate constants, but without finalsection 1ll, the state-to-state TD calculation for thetHO,

reaction is carried out and the complete final state distribution

t Alfred P. Sloan Fellow and Camille Dreyfus Teacher-Scholar. of reaction probabilities at numerous energies is given. Finally,

® Abstract published ilAdvance ACS Abstractdpril 1, 1996. section IV gives a brief summary of the present work.
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Il. Theory Also, since

A. Time Correlation Function Formalism for the S ) i
Matrix. We first present a brief discussion of the time ME-H) =G -G (2.10)
correlation function formalism foS matrix which has been 2
proposed recently for reactive scattering calculations by Tannor Lo , . .
and Weeks! This formalism can be derived straightforwardly and the contribution from the Green's functi@ term in eq

. + . . .
from the standard definition of the on-sh&lmatrix element 29 IS Zero becausg, is composed of only incoming waves,
S the S matrix element can also be written as

O(E — E)S = [y HEND 2.1 B=—'  goicHE)N"

(B — B)S = Wu(BElyu(E) (2.1) Si(E) 27a(®) (E)ggﬁde B0 (2.11)
Where|1p;i(Ei)|Zand|1p/§f(Ef)Eare6-function energy-normalized o ) o
incoming and outgoing scattering wave functions and i (f) We note that eq 2.11is |dent|_cal to the t|me-|ndepe_ndent wave
denotes the inital (final) state label. In this paper, we use packet expression for thé matrix proposed by Kouri and co-
the initial arrangement labeg, the final arrangement label, and ~ Workers:® If we perform a standard energy time Fourier
v an intermediate arrangement index label. The scattering wavetransform in eq 2.9, we obtain the time-dependent expression
functions |y (E))Jand |y (E) Osatisfy the asymptotic bound- for the S matrix element,
ary condition$?

_ 1 oo L (R)Et— — | R)FL +
R o SO = Zhan® 7O S dt e e g
Wei(E) 1 .
[, 1V g kR g’ ] == (a1 (2.12)
Znhz - k|1’2 nai@ay + zsym,ai@ nymE (2-2) ZJThaﬂ'(E) %f(E)f ” "
. m
) ) ' where Cy(t) is the correlation function defined a&;(t) =
Ry ule "™MyE0 This TD expression has been derived by
wﬁf(E) Tannor and Weeks using a slightly different appro#ctin the
“y 112f kiR o kR, ! approach of Tannor and Weeks, each final state wave packet
————|n4ld,5 + ZSfymﬁf— n,md (2.3) %p IS generated by a forward propagation of the asymptotic
27h? k2 m k12 propagator expfiHot.,) followed by a backward propagation
- ! of the full propagator exjifit.). Such a procedure could be
whereu,, is the reduced translational mass apg the internal computationally complicated and expensive since one has to
channel function iny arrangement. do this for each desired final state. In the present approach,
We can construct a wave packg} which consists solely of  the final state wave packgf; is chosen to be in the asymptotic
incoming wave functions as region, and thus, one avoids the need to propagate each final
state wave packet. One attractive feature of tBisnatrix
|X(x+iD= faui(E)W);i(E)l:uE (2.4) expression is that the time correlation function is independent
of the scattering energy. Thus, one can save the correlation
and similarly for the outgoing wave packef; function at discrete time steps for any desired final state and
retrieve it later to extract the correspondiSgnatrix element
- - at any desired energies contained in the energy range of the
= f (BN (E)E (2:5) wave packets. However, the calculation of the correlation

function entails the calculation of overlap integrals which have
to be handled efficiently in practical applications. At this point,
it is worth pointing out that efficient methods have also been
proposed to directly calculate the time-independent expression
in eq 2.11 by Kouri et a}? and Mandelshtam and Tayléft.

L 1 ALy A crucial question is again the choice of the coordinates to
[Pu(B)= mé(E — )yl (2.6) carry out the TD propagation of the wave function. One can

: choose either the reactant or product Jacobi coordinates or any

3 1 N other complete set of coordinates to carry out the TD propaga-
[y (E) = ﬁd(E = H)lx0 (2.7) tion. There are advantages and disadvantages associated with
Bt any set of coordinates, depending on specific applications. If
we use the reactant Jacobi coordinates to propagate the initial
wave packet, the explicit calculation of the correlation function

8, =@l D@0 (28  SIvendy

Thus, bothy; andy contain a range of energies determined
by the coefficientsa,i(E) andag(E). Equation 2.4 or 2.5 can
be inverted to expresﬁp;(E)Dand [pg(E)Uin terms of the
wave packets

The coefficienta,(E) is obtained frorf

wheregqi(E) is the asymptotic function. The coefficieay(E) Ci(®) = Dl (0
is similarly obtained. Replacing the right hand side of eq 2.1 = SW. X + X 1) 21
by egs 2.6 and 2.7 and integrating out the endigpne obtains Z Ko i (o) (213)

the time-independent expression for Benatrix element

1 . whereXqn andW,,, denote respectively a set of quadrature points
=l (B — H) 0 (2.9) and weights defined in the initialo arrangement Jacobi
aui(E) a(E) coordinates. If computer memory is not a severe limitation in

S(E) =
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the calculation, one can store final state wave packets on these 0.10
quadrature points and save them in memory in order to speed
up the calculation of correlation function in eq 2.13. This is
not impractical because the final state wave packgtis
localized in the coordinate space and requires relatively fewer
quadrature points to store them in the memory. Otherwise one
has to recalculate the numerical values of the final state wave
packets at given quadrature points at each time step.

One could also use the fingb) arrangement Jacobi coordi-
nates to carry out the wave packet propagation. In this case,
eq 2.13 is rewritten as 002 |

0.08 -

Probability
4
=
*

4
=
FS

0.00
0.80

_ - +
G = Zwﬂn@ﬁf(xﬁn)wai(xﬁn,t)m (2.14) ‘
n 0.950 0.95 1.00

Energy (eV)

where the quadrature poin¥;, and weightsWj, are defined ~ Figure 1. Reaction probability of Ht O(v=0j=1) — H + HO-
in the final (3) arrangement Jacobi coordinates. The use of final (¢/=J'=0) as a function of energy defined as rovibrational energy of

d bi di in th k .~ 0O, + translational energy of H+ O,. The black dots are the
(prg_ uct) Jacobi coordinates in the wave packet propagation pygerspherical results of ref 24.
facilitates the extraction of final state information because the
TD wave packet is represented in the same coordinate system
as the final state wave packets. Thus, the overlap integral in component of the TD wave functioA; (t) at a fixed radial
eq 2.14 is straightforward to calculate without the need to coordinateR. in the product asymptotic region for any desired
perform coordinate transformation. However, one still needs gpen channel of the product. The amplitudg(t) can be
to transform the initial wave packet, which is inherently defined stored in disk at each time step and then retrieved later to obtain
in the reactant Jacobi coordinates, to the product Jacobithe corresponding matrix elementS; at any desired energy
coordinates prior to the calculation of correlation function. This according to eq 2.16. However, one has to use a relatively large
coordinate transformation can be done at any stage during thevalueR., at which the radial wave function can be represented

wave packet propagation. by the plane wave or other known asymptotic solution functions

B. Scattering Amplitude Formalism for the S Matrix. If such as the Hankel function, e.g., when the centrifugal potential
we choose the radial part gf; in eq 2.12 to be @ function is present. The calculation of eq 2.16 in reactive scattering will
times the asymptotic radial function such as the plane wave be simplified if the TD wave functiony;(t) is represented in
solution, the product Jacobi coordinates.

C. Flux Formalism for Reaction Probability. In both the
correlation function and scattering amplitude formulations
discussed above, one needs to know the asymptotic radial
function in order to calculate th8 matrix elementS;. This
wh(_ereRoo is a fixed radial coordinate in the product asymptotic ;|| require one to propagate the wave packet into the proper
region, eq 2.12 becomes asymptotic space where the radial functign(R) is known.

However, if one only needs the absolute value of $ireatrix

Ryl s = O(Rs — R.) expkRy) 70 (2.15)

1 ke iR, [ 4 (iR)EL 4 element S| or the probabilityP; = |Si|2, one can use the flux
Si(B) = a,(E) 2”#/3 e f—oo dte mwl@]ﬂfmai(t)m formalism to calculate reaction probabilities,
__1]k ]”Z—ikfR» [ dMEAR Y (2.16) S, = 27hREA (RyEVAT (RyENlln s,
ay(B)| 27y o2

* d .+
== =Im| A" Ry B)=-Ar (Re.E) [Ir - (2:17)
Equation 2.16 is an amplitude formalism for tiS matrix Mg ARy dRﬁAﬂ RpE)| IR
because one calculates tBematrix by integrating over time

the amplitude of the TD wave function at a fixed surfége= whereAfT(Rﬁ) is the radial scattering amplitude obtained from
R. in the product asymptotic region. A different derivation was

given by Balint-Kurti et aP! and by Zhang et &€ for calculating AfT(Rﬂ,E) :[Rﬂ| E]ﬂf|1/)i+(Ei)D

product state distributions in photofragmentation. In the current 1

conte>_<t, hoyvever, the derivatio_n of eq_2_.16_is straightforward = Znh—(E) fj:dt éEtERﬁﬂ;ﬁM;i(t)D
by using simply the asymptotic condition in eq 2.2. More i

generally, the plane wavés®- should be replaced by a more _ 1 e gt 6t R, (2.18)
appropriate asymptotic radial functigi(R), such as the Hankel - 27ha,;(E)Y — iNp :

type function, which approaches the plane wave in the limit of

R— =, e, The flux is calculated at a surface definedRy= R_ beyond
) which the final state interaction is over and the flux is invariant

lim ¢«(R) — e with respect to further increase of the distance. Thus, one does

R not need to know the exact form of the radial functiorRatf
only square of theS matrix elements are desired. This flux

Equation 2.16 has an attractive numerical advantage in thatformula has also been given by Manolopolous and Alexander
one does not need to calculate any overlap integral to ex$ract in their time-independent approach to photodissociétiand
matrix elements. One only needs to evaluate the radial was put in a time-dependent context by Zhang €€ alhis
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Figure 2. Similar to Figure 1 but for product H@=0,') with (a, top left)j' = 0—4, (b, top right)j’ = 5—9, and (c, bottom)' = 10-14. The
black dots are the hyperspherical results of ref 24.

state-to-state approach is also simplified by using the producti is only known in the reactant asymptotic region. We could,
Jacobi coordinates to represent the TD wave funcjgi@(t). however, prepropagate the initial wave pacj@ttoward the
As is discussed in ref 18, the flux formula (2.17) is valid in interaction region which involves just inelastic interactions. This
regions beyond which the inelastic scattering process is absenis similar in spirit to the use of distorted wave approach in
irrespective of elastic process. Therefore, one does not needscattering calculations. The prepropagated wave packet

to know the exact asymptotic radial wave functions to extract

the product state distribution. This will generally enable one 0= @ (MHiopy & (2.19)

to obtain converged state-to-state reaction probability at a

relatively short radial distance. is then used as the initial wave packet in the full scale TD
D. Prepropagation of the Initial Wave Packet. In order propagation. The prepropagation involves just inelastic propa-
to reduce the number of grid points in the full scale state-to- gation to push the initial asymptotic wave packet into the
state wave packet propagation, we should place the initial waveinteraction region and is therefore computationally insignificant
packet as close to the interaction region as possible. On thecompared to the full scale reactive wave packet propagation.
other hand, the initial wave packy;;fi of a given internal state  ~ We can actually use a shrinking wave packet as the initial radial
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which shrinks to a minimal Gaussian function after a free

propagation ta = to. By choosing an appropriatg one should
be able to minimize the spatial rangeggfwhich is used as the 003
initial wave packet in the full scale reactive wave packet |
propagation. 0.00

0.00 1 1 I 1 1
E=1.22¢V

E=1.32¢V

Il. Application to H + O, Reaction 003

0.00 L1 ‘ i |

In this section, we apply the TD state-to-state approach to
the calculation of the H+ O, reaction. Quantum dynamics
calculation for H+ O, reaction is much more difficult than the || ' | B | |
direct H+ H; reaction due to the presence of a deep potential 000 ———, ; "‘ s "5 T8 9
well which supports long-lived resonances in addition to heavier iV
masses. Previous rigorous quantum mechanical calculations_ ; S ”
have been reported fortis reaction by Pack leforestier  beneisy Fotauorl state distibuton of e product HoK0L)
and Miller?® and Zhang and Zharlg. The time-independent
calculation of Leforestier and Miller provided cumulative 14.0 au. Inthe @stretching coordinate the grid extends from
reaction probabilities for the H O, reaction but without any 0.8 to 16.0 au. A total of 45 odd rotational states of @e
state-resolved dynamics informati&h.The calculation of Pack  included in the propagation. We found a time step of 4 au to
et al. using the hyperspherical coordinate approach providedbe sufficient for the desired accuracy, and the wave packet is
complete state-to-state reaction probabilities, but their resultspropagated to as long as about 5 ps to generate the time
are available at only a limited number of energies due to correlation function. Absorbing potentials are used to avoid
computational cost for each enerffy.On the other hand, the  boundary reflections in both reactant and product channels.
TD wave packet calculation of Zhang and Zhang provided Figure 1 shows the state-to-state reaction probability for the
reaction probabilities at numerous energies, but the calculatedreaction H+ O(y=0,=1) — HO(+'=0,j'=0) + O in the energy
probabilities are only initially state-selected, while the final states range from 0.81to 1.0 eV. The energy is defined as the internal
are summed ovéf. These rigorous quantum dynamics calcula- energy of the diatom plus the translational energy. As is
tions show that the H- O, reaction probabilities are dominated expected, the state-to-state reaction probability is dominated by
by numerous resonances with lifetimes on the order of a narrow resonances and the present TD calculation is in good
picosecond. Several recent studies have also appeared that focumgreement with the hyperspherical coordinate calculation of Pack
on the resonance studies of kH@cluding H + O, inelastic et al.?* which is represented by solid dots. Obviously, the
resonance$ 30 and reactive resonancéds. In the present  complete determination of the resonance structure in Figure 1

E=1.42¢V

| |

10 11 12 13 14 15 16 17

application to the H+ O, reaction, we further extend the
previous TD work of ref 14 to calculate state-to-state reaction
probabilities from the ground state ob(p=1) for total angular
momentumJ = 0 and for any desired scattering energies within
a given range. As in previous scattering calculations fot H
0,,14242530the DMBE IV potential energy surface (PES) of
Varandas and co-workéfsis used in the present calculation.
Since the current work is built on a previous TD study for

requires calculations for numerous scattering energies, which
is made easy by using the current TD approach. In fact, we
could obtain reaction probabilities at any given energies in the
range permitted by the initial and final state wave packets
according to eq 2.12.
Reaction probabilities to various rotational stajtesf HO-

(¢'=0) are shown in Figure 2&c for energies up to 1.5 eV. As

is clear from these figures, the reaction probability to every

the H+ O, reaction, we use the reactant Jacobi coordinates to product rotational state is dominated by narrow and mostly
carry out the wave packet propagation and use the time overlapping resonances. The resonance structure of the state-
correlation function formalism of eq 2.12 to extract the final to-state reaction probability is similar to that of the final state-
state-to-stateéS matrix elements. The use of reactant Jacobi summed reaction probabilities calculated in ref 14. It is also
coordinates in the present calculation is mainly due to the assuring to see that the present TD results are in good agreement
consideration for simplification in the TD propagation, not for with the TI calculation of ref 24 at energies for which the TI
the sake of optimal computational efficiency. It would probably results are available. It should be noted, however, that the TD
be more efficient to use the product Jacobi coordinates to carry curves in these figures are generated from the calculated reaction
out the wave packet propagation and use the methods in sectiongrobabilities at more than 5000 scattering energies which are
11.B and 11.C to extract final state information. In the present trivially obtained after the correlation function is computed.
correlation function approach, all final state wave packets are Figure 3 is a plot of the rotational state distribution of the
stored on reactant quadrature points to facilitate the computationproduct OH at six evenly spaced scattering energies of 0.92,
of the time correlation function at each propagation time. The 10.2,1.12, 1.22,1.32, and 1.42 eV. A brief inspection of Figure
calculated time correlation function for each product state f at 3 indicates that the reaction produces favorably rotationally
each time step is stored on hard disk which is later retrieved to excited OH product, but the detailed results are sensitive to the
calculateS matrix elements at any desired energies by a time specific scattering energy.

— energy Fourier transform. The grid in the translational  In Figure 4a,b we also show rotation-specific probabilities
coordinateR of the H+ O, arrangement extends from 0.5 to for vibrationally excited product H@(=1), all of which are
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Figure 5. Reaction probability of H+ Ox(v=0,=1) — H + HO-

(v,allj") for ' =0 and 1.

dominated by narrow resonances, similar to that for #160).

Rotation-summed reaction probabilities for the product HO a
v = 0 andy' = 1 vibrational levels are also plotted in Figure

J. Phys. Chem., Vol. 100, No. 17, 1996903

probabilities are given. The state-to-state reaction probabilities
from the present TD calculation are in good agreement with
those from the time-independent calculation of Pack ét al.
Current results show that the #H O, reaction on the DMBE

IV surfaces® generally produces rotationally excited product and
most OH molecules are produced in the ground vibrational state.
The TD approach allows us to calcula&@amatrix elements or
probabilities at numerous energies with ease as shown for the
resonant H+ O, reaction in this paper. The calculation was
carried out on a four-processor SGI Power Challenge, and the
final converged calculation took about 40 CPU hours. A major
challenge is to extend the current approach to reactive scatterings
involving four or more atoms in the future.
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